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PROPERNESS OF LOG E-FUNCTIONALS 


GANG TIAN* * XIAOHUA ZHU** 


Abstract. In this paper, we apply the method developed in [Ti97] and [TZOO] 
to proving the properness of log i^-functional on any conic Kahler-Einstein 
manifolds. As an application, we give an alternative proof for the openness of 
the continuity method through conic Kahler-Einstein metrics. 
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0. Introduction 

It has been very active to study conic Kahler-Einstein metrics in recent years 
partly because of their use in studying problems in algebraic geometry and Kahler 
geometry. For example, they provide a continuity method for establishing the 
existence of Kahler-Einstein metrics on any Fano manifold M, that is, a compact 
Kahler manifold with positive first Chern class ci(M) > 0. Such a continuity is 
used in the recent solution to Yau-Tian-Donaldson conjecture given independently 
by Tian and Chen-Dondaldson-Sun [Til2], [CDT13]. The conjecture states that a 
Fano manifold M admits a Kahler-Einstein metric if and only if M is K-stable as 
defined in [Ti97] and reformulated in [Do02]. The K-stability is closely related to the 
properness of Mabuchi’s A-energy, or equivalently, the E-functional. It is proved 
in [Ti97] that if M admits no non-zero holomorphic vector field, then the existence 
of Kahler-Einstein metrics on M is equivalent to the properness of E-functional or 
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Mabuchi’s if-energy. The purpose of this paper is to adapt the arguments in [Ti97] 
as well as [TZOO] to show that similar results still hold for conic Kahler metrics. 

Now let us recall some basics on conic Kahler metrics. Let ii be a smooth 
divisor of M with [D] G Aci(M) for some A > 0 and S' be a defining section of D. 
Choose a smooth Kahler metric cjq with Kahler class [wo] = 27rci(M), then there 
is a Hermitian metric Hq on [D] whose curvature is ujq. Following computations in 
[Au84] and [Di88] (also see [Ti87], [DT92]), Jeffres-Mazzeo-Rubinstein introduced 
a log F-functional on the space of Kahler potentials [JMRll]: 

'H(M,uJo) = {'(p e C°^{M)\ uj^ = UJ 0 + \/^dd'ip > 0}. 


This log F-functional is an Eular-Langrange energy of conic Kahler-Einstein metrics 
with cone angle 27r/3 along D and is defined by (also see [LSI2]) 


(0.1) F^o.m(V’) = ^o(V’) - ^ [ 

V JM 

where = 1 — (1 — /3)A G (0,1), V 
defined by 



= coq and ho is the Ricci potential of uiq 


Ric(wo) — ujQ = \/^ddho, f (e^“ — l) 

JM 


- 1 ) = 0 . 


Note that Jujoi^f') is defined by (see [Au84], [Ti87]) 

1 


n —1 . 
1 I 


JojoW = ttX! 


V ^ n+1 

i—0 


A di/j A ujI A 


M 


The main result of this paper is the following 


Theorem 0.1. Let D be a smooth divisor of a Fano manifold M with [D] G Aci(M) 
for some A > 0 such that there is no non-zero holomorphic field which is tangent to 
D along D. 0 Suppose that there exists a conic Kahler-Einstein metric on M with 
cone angle 27r/3 G (0, 27r) along D. Then there exists two uniform constants 6 and 
C such that 


( 0 . 2 ) niM,ojo), 

where - wj). 

Combined with a result in [JMRll], Theorem 10.11 implies that there exists a 
conic Kahler-Einstein metric on M along D with cone angle 2tt/3 G (0, 27r) if and 
only if is proper. This generalizes Tian’s theorem in [Ti97] in the case of 

smooth Kahler-Einstein manifolds. 

As an application of Theorem 10.II or more precisely, its weaker version Theorem 
16.11 in Section 6, we give an alternative proof for the openness of the continuity 
method through conic Kahler-Einstein metrics. The proof of such an openness 
was first sketched by Donaldson [Doll] as an application of the (7^’“’^ Schauder 
estimates Donaldson developed for conic Kahler metrics. Since the space (7^’“’^ will 
depend on the cone angles 27r/3 of metrics, the usual Implicit Eunction Theorem 


^This condition can be removed if A > 1 by a result in [Bell], or [SW12]. 
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could not be applied directly to prove the openness. Instead, Donaldson consider a 
family of linear elliptic operators associated to approximated conic metrics to get 
a prior Schauder estimates needed for proving the openness. Our proof is to use 
the perturbation method first introduced in [Til2] to approximate conic Kahler- 
Einstein metrics by smooth Kahler metrics, then we apply the Implicit Function 
Theorem to approximated smooth Kahler metrics and take limit (cf. Section 7). 
To assume the limit exists, we need to establish a prior C° and C^-estimates for 
the Kahler potentials associated to those approximated metrics. With these a prior 
estimates, we can take the limit to get a weak conic Kahler-Einstein metric. This 
metric is in fact in sense of (7^’“’^ Schauder theory by the regularity theorem in 
[JMRll]. 

The proof of Theorem 10.11 is an adaption of that in [Ti97] for smooth Kahler- 
Einstein manifolds. In our situation, there are some technical issues we need to make 
sure. First we need to show how to smooth singular metrics near the conic Kahler- 
Einstein metric. We will use a family of twisted Kahler-Ricci flows with initial values 
given by smooth metrics which approximate conic metrics (see Section 5, 6). Then 
we shall deal with the local smoothing behavior of these flows as well as the local 
convergence of flows when the initial values vary. Note that as a parabolic version of 
twisted Kahler-Einstein metric equation, which was first introduced by Song-Tian 
[ST12], the twisted Kahler-Ricci flow has been also studied by many people, such 
as Collins-Szekelyhihi [CSI2], Liu-Zhang [LZ14], Liangmin Shen [ShI4] etc.. 

The organization of this paper is as follows: In Section 1, we recall some basics 
on conic Kahler metrics. In Section 2, we prove the lower bound of log E-functional 
Fuioyi^i’)- In Section 3, we introduce a family of smooth Kahler metrics to approxi¬ 
mate the conic Kahler metrics discussed in Section 2. In Section 4, we introduce a 
family of twisted Kahler-Ricci flows to smooth the approximated metrics in Section 
3, then in Section 5, we prove the local convergence of these flows. Theorem 10.11 
will be proved in Section 6. In Section 7, we apply Theorem 10.11 to give a proof 
of the openness for the continuity method through conic Kahler-Einstein metrics 
which was first given by Donaldson. 


1. Conic Kahler metrics 

Let (S' be a defining function of D and Hq a Hermitian metric on D induced by 
wq. Then it is easy to see that |S'p^ = G for any a G (0,1) in 

sense of [Doll]. 

Moreover, one can check that lj* = cuo + 5\/ —\dd\S\’^^ is a conic Kahler metric 
with cone angle 27r/3 along D, as long as the number 5 is sufficiently small (cf. 
[Bril]). There is an important property of w* shown in [JMRll] that the bisectional 
holomorphic curvature of ui* is uniformly bounded from above on M\D. 

Let h* be a log Ricci potential of oj* dehned by 

V^ddh* = Ric(a;*) - /rw* - 27r(l - /3)[D]. 


( 1 . 1 ) 
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Then we have 

I 012(1—,3) ( *'|n 

( 1 . 2 ) h* = ho — fj,S\S\^^ — log - \-const, 

where ho is a Ricci potential of wq. A direct computation shows that h* S 
where 7 = min(^ — 2 , 1 ). 

In general, a Kahler potential of conic Kahler metric is not necessary in 
But, for a conic Kahler-Einstein metric ujcke = = wq + \/—with angle 

27r/3 along D, (p should be in for some positive number ao < 7 - This is 

because ujcke satisfies a conic Kahler-Einstein metric equation, 

(1.3) Ric(a;)-Aiw-27r(l-/3)[i:)] = 0. 

Then (p satisfies a non-degenerate complex Monge-Ampere equation, 

(1.4) {w*+ ^f^dd(PT = 

The (^^’“’^-regularity theorem established in [JMRll] (also in [GP13]) implies that 
(p G (^^’““’^(M) for some ao < 7 . 

For any positive number a < ao, we introduce a space of (7^’“’^ Kahler potentials 

by 

= {V' G C 2 -“;^(M)| = Wo -f ^T^dd-iP is a conic Kaehler metric on M}. 

One can show that both functionals Elj(,,^(-) and Iu}o{-) are well-defined on 
(M, Wo). 

Lemma 1.1. For any ip G 'H{M,ujo), there a sequence ofips G 7^^’“’^(M, wo) such 
that 

FuoA'4’) = lim-Fbo.i^('05) 

o^U 

and 

AW = llmAW)- 

S—yO 

Proof. In fact, one can choose ips = ip + to verify the lemma. □ 


2. Lower bound of 

In this section, we use the continuity method of Ding-Tian in [DT92] ( also see 
[Ti97]) to study the lower bound of log E-functional E,.jo,^(-)- This method will be 
extended to prove Main Theorem 10. II in this paper. It is worthy to mention that the 
lower bound of ELjp_^(-) can be obtained by using a general theorem of Berndtsson 
for the uniqueness problem of special Kahler potetials in [Bell]. Berndtsson’s 
method is based on applications of geodesic theory about Kahler potentials space 
studied in [Se92], [Do98], [ChOO], etc.. 
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Theorem 2.1. Let lo = ojcke = he a conic Kdhler-Einstein metric on M with 
cone angle 2^(i alongD. Then cj) obtains the minimum of onJ^‘^’°‘’^{M,uj). 

In particular, 

(2.1) > -ciuJo,p), V V' e 


Proof. For any ip G wq), log Ricci potential of w = is given by 


hcj = - log 


w,. 




— p.ip + h* + const. 


Then hcj G We consider the following complex Monge-Ampere equations 

with a parameter t G [0,/i]: 

(2.2) (w + V^ddip)^ = 


By the assumption, there exists a solution = cp—ip+const att = p, = 1 —(1—/3)A. 
Note that the kernel of operator + p) is zero (cf. [Doll]). Then by the 
Donaldson’s linear theory for Laplace operators associated to conic metrics, we can 
apply Implicity Function Theorem to show that there exists a d > 0 such that (12.21) 
is solvable in the space wg) on any t G {p — 5,p\. 

Set 

E = {s € [0,/r]| (12.21) is solvable on t = s in '^{M,ujo) for some a' < a}. 

We want to prove E = [0, p]. Clearly, E is non-empty since {p — d, C E. On the 
other hand, it is easy to see that (12.21) are equivalent to Ricci curvature equations. 


(2.3) Ric(d)c^) = -I-(/r — t)a)-I- 27 r(l — ,5)[D], t g[0,^]. 


Then 


(2.4) 


Ric(w,^J > tCj^^, in M \D. 


Thus the first non-eigenvalue of At is strictly bigger than t [JMRll], where At is 
the Laplace operator associated to ujt and ujt = = ui + ^/^^ddpt- It follows 

that the kernel of operator (At -I- t) is zero on any t G E. By Implicity Function 
Theorem, E is an open set. It remains to prove that E is also a closed set. This is 
related to apriori estimates for solution pt of ont G E below. 

First we deal with the C°-estimate. We may assume that t > 6 by the implicity 
theorem since (1^ is solvable at t = 0 [JMRll]. By a direct computation, we have 

— TT [ i^tPt + tpt)AtPti^'^■ 

L Jm 

Note that 


Atpt = -tpt - pt 

by differentiating = V. By the fact that the first non-eigenvalue of 

At is strictly bigger than t, we get 

> 0 . 
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This means that Id>{‘Pt) — is increasing in t. Thus 

<{n+ < C. 

By using the Green formula [JMRll], we derive 

osc((pt) < C. 

To get the C^-estimate, we rewrite (lO) as 

(2.5) (w* + y/^ddip*Y = 

where ip* = ip — + V' and h* is the log Ricci potential of uj* as in in]). Since 

Ric(w<p) > 0, by the Chern-Lu inequality [Cher68], [Lu68], we have 

(2.6) Atlogtr^j(a;*) >-a(a;*)tr^^(a;*), mM\D, 

where a = a{u}*) is a uniform constant which depends only on the upper bound 
of bisectional holomorphic curvature of uj*, and so it depends only on luq and the 
divisor D. Set 

u = logtr^j(a;*) - (a + 1)^3*. 

Then there exists a uniform constant C = C(supj\.^ (p, sup^ ip) such that 

Atu > - n(a + 1). 

By the maximum principle as in [JMRll], it follows 

(2.7) oJt > 

By nil), we also get 

(2.8) ujt < Cuj*. 

Once (|2.7I) and (|2.8I) hold, we can apply the C^’“’^-regularity theorem in [JMRll] 
to show 

for some a' < a. Thus pt S •^{M,u}o)- This implies that ill is a closed set 

and so E = [0, p]. 

By a direct computation as in [DT92], we have 

(2.9) t ^ J = - J {I - J)oiips)ds < 0, y t < p. 

Note that = V. Thus 

FC},ti{'Pti) = ~ T7 [ ‘PfJ.A A 0. 

V JM 

By the cocycle condition of log F-functional, it follows 

Fuj,^L{'tp -(/>) = -Fcj^^{pfj) > 0 . 

Again by the cocycle condition, we get 

(2.10) — (/))+ > T1jq,^((/>). 

Hence we prove that Tlj(,,^(-) takes the minimum at cp. □ 
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Corollary 2.2. Suppose that there exists a conic Kdhler-Einstein metric on M 
with cone angle 2 tt l3 along D. Then 

FujoA'^) ^ V '0 e Uo<a'<ao^^’“'’^(M,a;o). 

3. Approximation of conic Kahler metrics 

In this section, we construct approximated smooth Kahler potentials of solution 
ipt of ( 12 . 21 ) on each t G (0, p) by solving certian complex Monge-Ampere equation. 
First we shall smooth the conic metric w = Note 

(cb)" = /o<, 

where /o = g |g|i- 2 /^ for some L°°-function g. In particular, /o is a LP-function. 

Take a family of smooth functions fs with fsA = A such that fs con¬ 
verge to /o in LP as (5 —?> 0. Then by the Yau’s solution to Calabi’s problem, there 
are a family of Kahler potentials tka, which solve equations (i5 > 0), 

(wo + = fsoj^- 

By the Kolodziej’s Holder estimate [KolOS], if 5 converge to ip in the (^“-norm 
modulo constants as ^ 0. For simplicity, we set = wq -I- yA^idd'^s- 

We modify (I2.3I) by a family of Ricci curvature equations with parameter <5 G 
(0,^o] for each t G [0,/r], 

(3.1) Ric(w^J = + (m - t)uj5 + (1 - Am, 

where -I- y/^dd(ps and rjs = Awq -I- \/^991og((5 -I- |S'p). (13.11) are in fact 

a family of twisted Kahler-Einstein metric eqautions associated to positive (1,1)- 
forms H = (/X — t)ijJs + (1 — Avs [ST12]. One can check that (13.11) are equivalent to 
the following complex Monge-Ampere equations, 

(3.2) As + ^Tlddipsr = 
where hs are twisted Ricci potentials of ujs defined by 

(3.3) ^AAddhs = Ric(a; 5 ) - pujs - (1 - Am- 

We shall study the solutions of (13.21) and their convergence as 5 —>■ 0. 

Rewrite dSlD as 

(3.4) Ric(a;^J = tuj^^ + [p - t)ujQ -k (1 - Am + A- t)\F-[dB^is. 

Then equations (13.2[) are equivalent to 

(3.5) (wo + A^BdAT = t G [0,g], 

where ips = (pt,s = Tt,s + dia. 

As in [Til2], for a fixed i5 > 0, we define a family of twisted F-functionals with 
parameter t G (0, p] as follows, 

(3.6) FtAA = Ju:o{A - ^ <pwo" - i log e"^-‘^Wo") , 
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where 

hs = ho-{l- 13) log((5 + \S\l) + {t- + Cs, [ - IR = «• 

JM 

Then all are proper for any t G G (0,5o] since log F-functionals 

FuioA') defined in are proper for any t G (0,/r). The latter follows from a 

result in [LS12] by using the fact that is bounded from below according to 

Theorem 12.II By the Green formula, we get 

0SCM<Pt,s < C{I^o{(ft,s) + 1) < c'', V t G (0,/r), 


where the constants C, C depend only on t. Note that all higher order estimates for 
solutions ipt ,5 depend only on 5 and their C^-norm. Thus by using the continuity 
method as in the proof of Theorem 2.5 in [Til2], (13.51) . and so (13.21) are solvable on 
any t G (0,/r),(5 G (0,(5o]- 

Next we improve higher order estimates for solutions (pt^s to show that they are 
independent of <5 > 0. Let’s introduce a family of smooth Kiihler potentials 
(J > 0) constructed by Guenancia-Paun in [GP13]. Such have property: 

1) converge to $q = k\S\'^^ as <5 —0 in sense of Holder-norm. 

2) Let 

= - log ^ -f /lo 

be Ricci potentials of = wq -f Then uniformly bounded 

on S. 

3) The bisectional holomorphic curvatures Rsuj] of ks satisfy: for any Kahler 

metric = ks + y/—ldd(j>, it holds 


i<ij 

+ A„,log(-^x(J+151^)1-/^) 


(3.7) 


<c^E( 


Wg 

1-f I 




^<3 


1-b. 


) -I- C'tr„^(cu^_|_^p) X ^ [ks) -I- C, 


where Cq and C are two uniform constants. 

The following is about uniform aprior C^-estimate for (p = pt,s- 


Lemma 3.1. For any t G {0,p),S G (0, <5o], it holds 

(3.8) C-\s<uj^^,^,<Cks. 

Here C is a uniform constant which depends only on the metric uj and t. 

Proof. Let <p = ps = Ps — ^s ■ Then (13.51) are equivalent to 

(3.9) [ks + yTlddp)- = t G (0,/xo). 
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Following Yau’s C^-estiniate in [Yau78], we have 
- logtr«,(a;^J 

< -y (1±^ + i±^ _ 2)R,a,^ 

(3.10) + -— ^ Af,^{t(p + ifj,- t)'^s + (1 - t)^s ~ ^K.s)- 

On the other hand, by 


Bks + '/^dd'^s > 0, 

^KS ^0 ^ -^1 


it is easy to see 

Using the fact 

(3.11) 

we get 

-- {t^ + {n-t)'S5 + {l- t)^s -h^s)- ^'5 

< ;:-log(^ X (<5 + l-S'lo)^”'^) + i (ns). 

Thus by the Guenancia-Paun inequality dSIl) for metrics we deduce from 

dsini), 

- (logtr^,(a;^J + - ^-a) 

< C'tr^^j (ks) + C. 

‘PS 

u = logtr„,(w^J TCo^f - ^'5 - (C" + l)(ps. 

A^S u > tr^^a {ks) - C". 

in s LOs ' 


Let 

Then 


By the maximum principle, it follows 


(3.12) w 
By dSll), we can also get 

(3.13) 


^^p^ = K5 + '/^dd'^s > c ^KS- 


< Cks. 


□ 


Theorem 3.2. For any t G (0,/r), it holds 


lim (pt,s = Ft 

O 


in sense of Holder-norm. 
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Proof. First we claim that converges to a C^’^’^-solution of (1^ as 5 —)■ 0. 
In fact, by the Kolodziej’s Holder estimate, we see that (pt^s converge to a Holder 
continuous solution (j)' of following complex Monge-Ampere equation in the current 
sense, 

(3.14) (cco + 

Clearly, (13.141) is nothing, just (12.21) . Since w* = wq + y/^dd^Q is equivalent to uj, 
by Lemma [3.11 we get 

(3.15) C~^Ld < u)^! < Clo, in M \ D, 

where C is a uniform constant. Note that (13.141) implies that (j)' — if is a. solution 
of (|2.2I) . Thus by the reguarity theorem, cf' — if is a (^^’“’^-solution of (12.21) . 

This proves the claim. 

On the other hand, according to the proof in Theorem 12.11 it is easy to see that 
C^’“;^-solution of (|2.2ll as a twisted Kahler-Einstein metric is unique. Thus (j)' — ip 
must be (ft- The theorem is proved. 

□ 


4. Smoothing of twisted Ricci potentials 
Define a Log Ricci potential ht of of solution of (I2.2I1 on t by 

y/^ddht = Ric(w^J - - 2tt{1 - I3)[D], ( = V, 

Jm 

and define a twisted Ricci potential of ^ = cos + V—^ddipt^s of solution of (|3.2I) 
on t by 

y^a5/iM=Ric(<J-/r<,-(l-/3)r;^, / (w^^ J" = P. 

’ ’ Jm 

Then it is easy to see 

ht = —{p — t)(pt + const, 

and 

ht,s = -(m - t)Pt,s + const. 

Thus by Theorem I3.2I we have 

Lemma 4.1. For any t G (0,^), it holds 

lim ht s = ht 
s^o 

in sense of Holder-norm. 

To smooth ht,s for each fixed 6 G (0,5o)) we introduce the following twisted 
Kahler-Ricci flow, 

d 

—uj^ = -Ric(a;^) + + (1 - P)m, 

w^(-. 0) = ,5 = Js=o = ■ 
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Clearly, the twisted Ricci potential ht^s,s of ^ is given by 


In particular, 


ht,s,s = + const, 

as 


, d , , 

n-t,s = -TTVs.i s=o + const, 
os 


61]) reduces to a complex Monge-Ampere flow, 
d 


ds 


^ = log c".S tn + Ai'0 - ht,s, 


(4.2) 


^0,5 = V'5(0,-) = 0. 


Here ht^s can be normalized so that ht^s = —(m — Then ht^s = —-§^'4’s,s\s=o 

Similarly to Kahler-Ricci flow in [Ti97], applying the maximum principle to (14.2L 
we have following estimates (also see [LZ14]). 


Lemma 4.2. 

1 ) 

2 ) A'{-^^s,s) > e^^^Aht^s- 

OS 

Here A', A are Laplace operators associated to metrics s’ respectively. 

Lemma 4.3. Letv = vt.s,s be a normalization ofht.s.s by adding a suitable constant 
such that 

f M.sr = ^- 

J M 

Let 7 = Then there exists a small number e > 0 such that for any t and (pt,s 

satisfying 

( 4 - 3 ) {ti' — t)^'^^\\Tt,s\\c°{M)<e, 

we have 

(4-4) 

and 

(4.5) oscm'^s.s < Ce{fi - t)^, V s £ [(// - tf'^, 1], 
provided that for any s G [{p- — t)'^'^, 1] the first non-zero eigenvalue 

(4.6) Ai > Ao > 0 

of Laplace operator A' associated to the metric uj^ ^ and the following condition 
holds: there exists a eonstant a > 0 such that for any xq G M and 0 < r < 1, 

(4.7) vol(Hr(a:o)) > ar^" 

with respect to Here C = C(a, Aq) denotes a uniform constant depending 

only on the constants a and Aq. 
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Proof. Lemma 14.31 can be proved following the argument of smoothing lemma in 
[Ti97] (also see Proposition 4.1 in [CTZ05]). In fact, under the conditions (14.5|) and 
(14.61) . using the estimates 1) and 2) in Lemma HTTl we get 

k| < Cia, Xo){l + \\ht,s\\c«{M))i^J- - , V s G 

On the other hand, again by the estimate 1) in Lemma [4.11 we have 

ll^^^llc'O(M) — ~^'^\\^t,s\\co(M)J V S > 0. 

Combining these two relations, we derive 

Iksll^i < c{a, Ao)(l + \\ht,s\\co{M)){^J^ - 

< C[€ + \\ht^s\\c°(M){^J‘ - - t)^ , V s G 

Note 

-{n - t)ipt,s = ht,s- 

Thus under the assumption (14.31) . we get (14.41) immediately. 

By the estimate 1) in Lemma [4.21 we have 

d ~ 

I^V'l < e\\ht,s\\c«iM), V s < 1. 

Note 



Then by the assumption (14.31) . we obtain 

d~ 

OSCmV' < (M - sup ||-^■^/'llco(M) 

s6[0,l] OS 

d ~ 

+ sup II^V’llco(M) 

se[(/i-t)2^,i] Os 

(4.8) 


5. Convergence of twisted Kahler-Ricci flows 

In this section, we deal with the local convergence of flows 611). First, similarly 
to Lemma ixn we have 

Lemma 5.1. For any t G (0,/x),(5 G (0,(5o], it holds 
(5.1) < Cks. 

Here C is a uniform constant depends only on metrics ih, to* and norms of\\tps,s\\co(M)> 
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Proof. Let tps = t/Js.s = ips.s + 'i’s-^s- Then by (g^l), tp = tps satisfies the following 
complex Monge-Ampere flow, 


d j , {ks + V^dd'ip)’^ , y - 
—V' = log- — -+ /iV’ - 


(5.2) 


V’0,5 = V'<5(0, •) = ‘Pt.S + ^'5 - $ 


<5 • 


Following the estimate of (13.101) . for the parabolic equation (15.21) . we get Yau’s 
C^-estimate, 


^ds 

1 




< 


|logtr„,(a;^J 

+ 1 1 a "- “ ^)Rs^w + 


On the other hand, by p.lll) . we have 
1 






1 


g h^s) 


< 




log(^x(5 + |5|2)i-/3) + 


A 


CJri 




By the Guenancia-Paun inequality (1X71) . it follows 


< C'Qtr^^s (ks) + Cq, 

where Cg and Cg are two uniform constants depending only on metrics cu and oj*. 
Hence by choosing a large number B, we deduce 

+ Cg^f - Bf>s) 

< i'^s) + Cq. 

’/'S 

Now we can apply the maximum principle to see that there exists a uniform constant 
C, which depends only on w,a;*, ||V's,5||co(m) and || ^'i/'s,(5||co(m)> such that 

^ls,5 = '^<5 + V^ddljjs.S > C~^KS. 

By (15.21) . we also obtain 


Ks>C' 

where C = C'{u},uj*, \\ips,5\\co(M), \\-§^fps,s\\co{M))- □ 

Theorem 5.2. For any s S (0,1], ^ converge to a conic Kdhler metric = 

u} + y/—ldd(l>t^s in sense of Kdhler potentials. 

Proof. By the estimate 1) in Lemma 1121 we have 

d 

(5-3) ||V’s.5||co(M), ||^l/'s,5||co(M) < e{fl - t)\\(pt^s\\c°(M) ■ 
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Then by Lemma l5.ll we see that there exists a uniform constant C, which depends 
only on such that 

C~^Ks < ^ < Cks, V (5 e (0, (5o]. 


Thus the Sobolev constant associated to uj^s ^ is uniformly bounded above as same 
as the metric ks (cf. [LZ14]). Derivativing (j5.2l) on s, we have 


d 

)i’s = 
os 

where tps = 4’s,s = ^4’s,5- Hence the standard Moser iteration method for the 
parabolic equation implies that there exist a positive number a and a uniform 
constant C such that 


\'ips{x) - 'ips{y)\ 

sup - j-j- 

x,yeM \X — 


< C. 


As a consequece, tps converges to a Holder continueous function / associated to the 
metric a; as 5 —>■ 0. Namely, 


sup 

x,y£M 


\f{x) - f{y)\ 

\x-y\Z 


< c. 


On the other hand, by the Kolodziej’s Holder estimate, tps are uniformly Holder 
continuous functions, so they converge to a Holder continuous function (pt = (pt,s 
as <5 —^ 0. Moreover, (pt is a current solution of following complex Monge-Ampere 
equation. 


(5.4) (w + 

By the reguarity theorem in [JMRll], it follows that cpt is a (7^’“ A_golution. Hence 


is a conic Kahler metric. 


□ 


Lemma 5.3. For any t and (ft satisfying 

(5.5) < e, 
it holds 

(5.6) oscM(<^t.s - ^t) < Ce{^i -t)i, W s € (0,1]. 

Proof. In (14.81) . we in fact prove 

oscm^s ,5 < Ce{yL - t)^, V s S (0,1]. 

Then (|5.6I) follows immediately from Theorem l3.2l and Theorem l5.2l bv taking d —>■ 
0. □ 


Lemma 5.4. Let v = Vt^s be a normalization of by adding a suitable constant 
such that 


JM 


Then for any t and ipt satisfying it holds 

(5.7) 


< Ce{l -t) 2 , V s e [(/r - t)2'>', 1]. 
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Proof. We claim: for the metric , it holds 


(5.8) 


1 

2^ < < 2uj. 


By the above claim together Theorem 15.21 we see that there exists a small i5o 
such that the conditions (14.61) and (14.71) in Lemmaare satisfied for metrics ^ 
with S S (0, do]- Note that (14.31) also holds by Theorem 13.21 Then by Lemma [5^ 
it follows that (14.4|) holds for v = Vt.s,s with S G (0, do]- Taking the limit of Vt,s,s as 
d —^ 0, we get dSH). 

We prove (15.81) by contradiction. If (15.81) is not true, then there exists a. if G 
such that the solution (pt of (12.2p on t satisfies (15.51) and the (7^’“’^- 
norm of Kahler potential (jit.s in Theorem 15.21 satisfies 


(5.9) 




0 , 


where Aq is a positive number. On the other hand, from the proof of Theorem l5.21 
the C^’“’^-norm of (f>t,s depends on (pt continuously. Thus we may aslso assume 
that 

||0i.s||c2.“!/3(M) < 2Ao 


and 


(5.10) 


-ui < uJi < Auj. 

4 vt,s 


Once (|5.10|1 holds, we can use the above argument again to conclude that there 
exists a small do such that (14.41) holds for v = Vt,s,s with d G (0,do]. Taking the 
limit of Vt,s,s as d —>■ 0, we get (15.71) for Applying Implicity Function Theorem 
to (|5.4|) . we obtain 


||0t,s||c2.“i/3(M) < C'(£) Oj as e —>■ 0. 
But this is impossible by dSH). The claim is proved. 


□ 


6. Properness of FL;o,^(-) 

By using the estimates at last section, we can improve Theorem 12.II to 

Theorem 6.1. Suppose that there exists a conic Kahler-Einstein metric uj = ujcke 
on M along D with cone angle 27r/3 G (0,27r). Then there exists two uniform con¬ 
stants d and C such that 

(6.1) VV’ e jr2-“;/5(M,coo). 

Proof. First, by the first relation in (|2.9p . we get an identity 

1 

Fui.fj.ii’ - (t>) = = - {I - J)cj{ps)ds. 

T Jo 
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Then as in [TZOO], [CTZ05], we obtain 

- (l>) 

> - t)il - J)u>{‘Pt) 

> —(m - t)Ja,{ipt) 
nil 

> —{fl- t) Jcd(V5/x)- —{fj. - t)0SCM{<Pt - Vfj) 

nj II nil 

( 6 - 2 ) > — ^ - t)I^{(p^) - —{fi - t)oscM{<fit - ‘ft,)- 

nii{n + Ij n/r 

Next, for a small e, we choose a t such that 

(6.3) {^l-ty+i\\ipt\\coiM) = e. 

Without loss of generality, we may assume that the above inequality can be ob¬ 
tained, otherwise ||co(m) is unifromly bonuded and the situation will be simple. 
Then by Theorem 15.21 and Lemma 15.31 there exists a C^’“ Kahler potential (pt 
such that 

OSCM(<Pt - < OSCM(<Pt - ^^l) + OSCM{Vt “ Vt) 

< 0SCM{<ft - (fiti) + Ce{fi - t)i. 

On the other hand, by Lemma 15.41 we can apply Implicity Function Theorem to 
(15.41) to get 

oscM{‘ft - ‘fill) < C'(e) 0, as e 0. 

Thus 

(6.4) oscM(<Pt - <Pm) < C'(e)- 
Combining (lOD and (EH), we have 

(6-5) PL,;,(V'-</>)> - <)d(</5M) - C*. 

Note 

ll'Ptllco(M) < OSCMi^ft)- 

Then by (16.41) . we get 

( 6 . 6 ) W^PtWcoiM) < OSCMilf),) + 1 - 

In a special case, we assume that the Kahler potential ip satisfies 

(6.7) oscm'0 < Iu>o W + Co, 

where Co is a uniform constant. Then by the relation (I6.3|) and (I6.6|) . a simple 
computation shows 

-(/>)> - C 

> - C', 
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where i5, C' > 0 are two uniform constants which depending only on the choice of e 
in (lOI) . Using the cocycle condition in (I2.10[) . we derive immediately, 

(6.9) -C". 

In general case, we can use a trick in [TZOO] to derive (16.91) for -ip. In fact, we can first 
apply (16.91) for solutions ipt with < > cq > 0 to get an estimate for oscMi^t — V’fj.), 
then by the relation in (16. 2p we obtain (16.91) for ip. 

□ 

End of proof of Theorem \0.1l Theorem 10. 1 1 is an improvement of Theorem 16. II By 
Lemma o we suffice to obtain the esitimate (IQ) in Theorem Em for Kahler 
potentials in wq). It was observed by Phong-Song-Strum-Weinkove that 

(IQ3) can come from (lO) in case of Kahler-Einstein metric [PSSW08]. In fact, as 
in [TZOO], by (16.11) for solutions (ft with t > eg >0, they further show that there 
exists a to with f — to > Sq > 0 (where f = 1) for some uniform constant So such 
that 

oscMifto - V’n) ^ 

where A is a uniform constant which depends only on the Kahler-Einstein metric. 
We show that such choice of to can be done similarly in our case of conic Kahler- 
Einstein metric as follows. 

By the first relation in (12.91) together with the equation (12.21) . we have 

- ftf) = F^A^Pt) - Fc^APr) 

= - 7 / (I - J)Afs)ds + - f {I - J)cj{fs)ds--log{^ f 

^ Jo P Jo Mr J 

<- 7 / {I - J)Afs)ds + - [ {I - J)APs)ds + ^^—^ [ 

^ Jo P Jo M*' JM 

Note that the first relation in (12.91) is equivalent to 

-hi = (I - ^ f {I - J)u{fs)ds. 

y JM t jq 

It follows 

^/i) — [ 

^ Jt M 

M 

(6.10) < - —OSCMift - ff,)- 

M 

On the other hand, by the Green formula in [JMRll], ()6.7I) holds for ipt — (Pfj, 
whenever t > eo > 0 since Ricci curvature of = lu + y/—ldd{(pt — ffj,) strictly 
positive. Then applying (|6.8|) for (ft — (fti, we see that there exist two constants 
Ao,C > 0 such that 

FuiAPt - ftj.) > AolAPt - -C, V t > cq. 
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Combining this with (I6.10L we derive 

(6.11) < C". 

Case 1: For any t G [f, A*]; it holds 

Then we can choose t = to = ^ so that Iui{<fto — and also oscM{‘Pto — ‘ft^) 
is uniformly bounded. Thus by the relation in (16.21) . we get (10.21) . The proof is 
finished. 

Case 2: There exists a to G fi] such that 

( 6 . 12 ) {fi-to)Iu,{(pto-‘PtJ.)^~'^ = ^^- 

By the above choice of to, from (16.111) it is easy to see that oscM{<fto — is 
uniformly bounded. Again by (j6.12|) . we get — to > <io > 0 for some uniform 
constant 5o- The theorem is proved. 

There is another way to get (10.21) by using the Donaldson’s openness theorem, 
Theorem O in next section. This is observed in [LS12]. 

□ 


7. A NEW PROOF OF DONALDSON’S OPENNESS THEOREM 

In this section, we apply Theorem 16.11 to prove the following Donaldson’s open¬ 
ness theorem. 

Theorem 7.1. Let D be a smooth divisor of a Fano manifold M with [D] G Aci(M) 
for some A > 0 such that there is no non-zero holomorphic field which is tangent 
to D along D. Suppose that there exists a conic Kdhler-Einstein metric on M with 
cone angle 27r,5o € (0,27r) along D. Then for any fd close to Po there exists a conic 
Kdhler-Einstein metric with cone angle 27r/3. 

Proof. Let a^o = 1 — A(1 — /3o)- Then F^(,,;io(-) is proper by Theorem 16.11 Thus 

twisted F-functionals F)io, 5 (-) defined by (13.61) are all proper for any 5 G (0, i5o]. By 

the argument in Section 3, it follows that there exists a solution of (13.21) on t = po 

for any S G (0, do]- Hence, for a fixed 6 = we apply Implicit Function Theorem to 

see that there exists an eg such that (EH) is solvable for any p G [po, Po + eo)- Note 

that the twisted Ricci potential hs of ujs in (1^ satisfies (1^ with P = 1 — 

This means that there exists a twisted Kahler-Einstein metric associated to positive 

(1, l)-form D = (1 — P)r]^ for any p G [a^OjA^o + eo)- By a result of X. Zhang 

2 

and X. W. Zhang [ZhZ13], the twisted F-functionals F ^(•) is proper for any 
p G [po, Po + £o)- In fact, they prove a version of Theorem 16.II on a Fano manifold 
which admits a twisted Kahler-Einstein metric. 

By a direct computation, it is easy to see that for any S G (0, do) it holds 

- Fu.sWl < C'(ll'I'5||co(M), II'E'^IIco(M)) < C, V V' G 'H{M,UJo). 
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This implies that are all proper for any S G (0, i5o) and /r G [/ro,/ro + eo)- 

Thus by the argument in Section 3, we see that there exists a solution of (13.21) 
on t = € [/ig, /ig + eg) for any S G (0, i5g). Moreover, 

OSCmP^i,5 < C, 

where C is a uniform constant independent of p and S. On the other hand, the 
estimate dSH) in Lemma o also holds for metrics ^. By taking a sequence 
Si —>■ 0, converge to a Holder continueous function pao — ip which satisfies the 
weak conic Kahler-Einstein metric equation, 

+ 27r(l - (3)[D], p G [Aig,/rg + eg) 

with property: 

C~^Cj < < Cw, in M\D 

for some uniform positive number C. By the regularity theorem in [JMRll], LOip^ 
is a conic Kahler-Einstein metric in sense of Kahler potentials. The proof of 

Theorem O is completed. 

□ 
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